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Abstract
We call the digraph D an orientation of a graph G if D is obtained from G by the orientation of each edge of G in exactly one of
the two possible directions. The digraph D is an m-coloured digraph if the arcs of D are coloured with m-colours.
Let D be an m-coloured digraph. A directed path (or a directed cycle) is called monochromatic if all of its arcs are coloured alike.
A set N ⊆ V (D) is said to be a kernel by monochromatic paths if it satisﬁes the two following conditions: (i) for every pair of
different vertices u, v ∈ N there is no monochromatic directed path between them and (ii) for every vertex x ∈ V (D) − N there is
a vertex y ∈ N such that there is an xy-monochromatic directed path.
In this paper we obtain sufﬁcient conditions for an m-coloured orientation of a graph obtained from Kn by deletion of the arcs of
K1,r (0r n − 1) to have a kernel by monochromatic.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
For general concepts we refer the reader to [1]. Let D be a digraph; V (D) and A(D) will denote the sets of vertices
and arcs of D, respectively. An arc (u1, u2) ∈ A(D) is called asymmetrical (resp. symmetrical) if (u2, u1) /∈A(D)
(resp. (u2, u1) ∈ A(D)). The asymmetrical part of D (resp. symmetrical part of D) which is denoted Asym(D) (resp.
Sym(D)) is the spanning subdigraph of D whose arcs are the asymmetrical (resp. symmetrical) arcs of D. We recall that
a subdigraph D1 of D is a spanning subdigraph if V (D1)= V (D). If S is a nonempty set of V (D) then the subdigraph
D[S] induced by S in the digraph with vertex set S and those arcs of D which join vertices of S. An arc (u1, u2) of D
will be called an S1S2-arc whenever u1 ∈ S1 and u2 ∈ S2.
A set I ⊆ V (D) is independent if AD[I ] = ∅. A kernel N of D is an independent set of vertices such that for
each z ∈ V (D) − N there exists a zN-arc in D. A digraph D is called: (i) kernel-perfect digraph when every induced
subdigraph of D has a kernel, (ii) critical-kernel-imperfect when D has no kernel but every proper induced subdigraph
of D has a kernel. If = (z0, z1, . . . , zn, z0) is a directed cycle, we will denote by () its length and for zi, zj ∈ V ()
we denote by (zi, , zj ) the zizj -directed path contained in .
We call the digraph D an m-coloured digraph if the arcs of D are coloured with m-colours, a directed path (resp.
cycle) is a monochromatic directed path mdp (resp. cycle, mdc) if all of its arcs are coloured alike; a directed cycle is
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a quasi-monochromatic directed cycle qmdc if with at most one exception all of its arcs are coloured alike. A directed
cycle whose arcs use at least three colours will be called polychromatic. When there exists a mdp from the vertex
x to the vertex y in D we write x → y, and we also say that y absorbs x, the nonexistence of a mdp from x to y is
denoted xy.
A set N ⊆ V (D) is said to be independent by monochromatic paths, denoted N(imp)D, if for every pair of different
vertices u, v ∈ N we have uv and vu, the setN ⊆ V (D) is absorbant bymonochromatic paths, denotedN(amp)D,
if for every vertex x ∈ V (D)−N , there is a vertex y ∈ N such that x → y. And a set N ⊆ V (D) is said to be a kernel
by monochromatic paths of D, denoted N(kmp)D if N(imp)D and N(amp)D.
The closure ofD, denotedC(D) is them-colouredmultidigraph deﬁned as follows:V (C(D))=V (D) andA(C(D))=
A(D) ∪ {uv with colour i| there exists an uv-mdp of colour i contained in D}. Notice that for any digraph D,
C(C(D))C(D) and N(kmp)D if and only if N is a kernel of C(D).
Finally we will denote by Gn,r the graph obtained from Kn (the complete graph with n vertices) by the deletion of
r arcs all of them incident with a vertex x ∈ V (Gn,r ), i.e. Gn,rKn − E(K1,r )Kn − {[x, y1], [x, y2], . . . , [x, yr ]}
with {x, y1, . . . , yr} ⊆ V (Gn,r ) and 0rn − 1; observe that Gn,0Kn and Gn,n−1Kn−1 ∪ K1.
In [9] Sands et al., have proved that any 2-coloured digraph D has a kmp and henceC(D) is a kernel-perfect digraph.
In particular, they proved that any 2-coloured tournament T has a kmp. They also raised the following problem: Let T
be an m-coloured tournament such that every directed cycle of length 3 is quasi-monochromatic. Must T have a kmp?
In [8] Minggang proved that if T is an m-coloured tournament such that every directed cycle of length 3 and every
transitive tournament of order 3 is quasi-monochromatic, then T has a kmp. He also proved that this situation is best
possible for m5. In [6] was obtained a 4-coloured tournament T such that every directed cycle of order 3 of T is
quasi-monochromatic and T has no kmp. The question for m = 3 (If T is a 3-coloured tournament such that every
directed cycle of length 3 is quasi-monochromatic then T has a kmp) is still open.
Let D be a digraph, an m-coloration of D is named {C3, T3}-free whenever every tournament of order 3 is quasi-
monochromatic. Denoted by E the class of digraphs such that every {C3, T3}-free m-coloration has a kmp and every
induced subdigraph has a kmp. In [5] is studied the class E and it is proved that if D belongs to E, then the underlying
graph of D is isomorphic to Gn,r , and in [4] is proved that every orientation of Gn, belongs to E. Also notice that the
result of Shen Minggang means that every tournament (orientation of Gn,0) belongs to E, and as a consequence any
orientation of Gn,n belongs to E. This leads to the following question: Does any orientation of Gn,r , 2rn − 1
belongs to E?
In [2] is proved that if T is an m-coloured tournament such that every directed cycle of length at most 4 is quasi-
monochromatic thenT has a kmp. In [7]Hahn et al. proved the following generalization: IfT is anm-coloured tournament
such that every directed cycle of length k, k5 is quasi-monochromatic and T has no polychromatic directed cycles of
length , < k then T has a kmp, in [3] is proved that if D is an m-coloured orientation of Gn,1 such that every directed
cycle of length at most 4 is quasi-monochromatic then D has a kmp.
In this paper is proved that if D is an m-coloured orientation of Gn,1 such that every directed cycle of length k
(k5) is quasi-monochromatic, and D has no polychromatic directed cycles of length  (< k) then D has a kmp.
Also is proved that if D is an m-coloured orientation of Gn,r , 0rn − 1, such that every directed cycle of length k
is monochromatic and D has no polychromatic directed cycles of length , for < k, then D has a kmp.
2. Kernels in edge-coloured orientations of graphs
Lemma 2.1. Let D be an m-coloured orientation of Gn,r where
Gn,r = Kn − {[x, y1], [x, y2], . . . , [x, yr ]}.
The two following conditions are equivalent:
(i) D has no kmp and every proper induced subdigraph of D has a kmp.
(ii) There exists a directed cycle ,  ⊆ Asym(C(D)) such that V (D) = V (), A() − {(x, y1), (y1, x), . . . , (x, yr),
(yr , x)} ⊆ A(D) and for every pair of nonconsecutive vertices of  (say u, v) (u, v) ∈ Sym(C(D)).
Proof. Let D be an m-coloured orientation of Gn,r , say Gn,r = Kn − {[x, y1], [x, y2], . . . , [x, yr ]} (recall Gn,0Kn)
and suppose that (i) holds; we will prove (ii).
The ﬁrst part of this proof is closely related to the proof of Lemma 2.1 [3].
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First we deﬁne an order in V (D) as follows: The hypothesis imply that D − {x} has a vertex say w0 such that
{w0}(kmp)(D − {x}). If x → w0 then {w0}(kmp)D; so xw0. If {x,w0}(imp)D then {x,w0}(kmp)D contradicting
our hypothesis, so (w0, x) ∈ Asym(C(D)). Now, D − {x,w0} is also a proper induced subdigraph of D and the
hypothesis imply it must have a vertex w1 such that {w1}(kmp)(D − {x,w0}). Continuing in that way we can give an
order to the vertices of D −{x} is such a way that {wk}(kmp)(D −{x,w0, w1, . . . , wk−1}). We call this the w-order of
V (D)− {x} and that a vertex w-precedes another if it appears before in the w-order. If {x}(amp)(D) then {x}(kmp)D.
So there is a vertex in D − {x,w0} which is not absorbed by x. Choose the lowest natural number k such that wkx
(notice that by our choice of k, we have wi → x for each 0 i < k). If {x,wk}(imp)D then {x,wk}(kmp)D, hence
(x,wk) ∈ Asym(C(D)). Put u0 = wk; there must be a vertex in the w-order which is not absorbed by u0 (otherwise
{u0}(kmp)D), and it mustw-precede u0 in thew-order.We choose the lowest  such thatwu0, and set u1=w. Notice
that by the deﬁnition of the w-order we have (u0, u1) ∈ Asym(C(D)). We can continue in a similar fashion to deﬁne
u2, u3, . . . , etc.We call this theu-order. Theremust be aﬁrst vertex in theu-orderwhich does not absorb x (asw0 does not
absorb x). Let m be the lowest natural number such that xum. We have the directed cycle =(x, u0, u1, . . . , um, x) ⊆
Asym(C(D)). The deﬁnition of D implies that A()−{(x, y1), (y1, x), . . . , (x, yr), (yr , x)} ⊆ A(D). By construction,
x absorbs every vertex in  except u0, and ui (0 im) absorbs every vertex in  except ui+1 and um absorbs every
vertex in  except x.
Finally, we prove V (D) = V (). If there exists a vertex z ∈ V (D) − V (), then the subdigraph of D induced by
V (), D[V ()] is a proper induced subdigraph of D and by the hypothesis there exists a vertex t ∈ V () such that
{t}(kmp)D[V ()] and hence {t}(amp)D[V ()], but no vertex of  absorbs every other vertex of .
To prove (ii) implies (i) only observe that a digraph which satisﬁes (ii) has no (kmp) as a vertex in  does not absorb
the next in  and clearly every proper induced subdigraph has a kmp. 
Lemma 2.2 (Hahn et al. [7]). Let D be an m-coloured orientation of Gn,0 such that (i) For some k, 4kn, each
directed cycle of length k is quasi-monochromatic and no directed cycle of length less than k is polychromatic. (ii)
{(u, v), (v,w)} ⊆ A(D) ∩ Asym(C(D)), (u, v) coloured i, (v,w) coloured j with i /≡ j . Then (u,w) ∈ A(D) ∩
Asym(C(D)).
Lemma 2.3. Let D be an m-coloured orientation of Gn,r where Gn,rKn − {[x, y1], [x, y2], . . . , [x, yr ]} such that:
(i) D has no kmp and every proper induced subdigraph of D has a kmp. (ii) For some k, k3, each directed cycle of
length k is monochromatic and no directed cycle of length less than k is polychromatic. Then there exists a directed cycle
(z0, z1, . . . , zp =w0, w1, . . . , wq, z0) contained in D such that (wq, z0) ∈ Asym(C(D)) is coloured a (z0, z1, . . . , zp)
(resp. (w0, w1, . . . , wq)) is a mdp coloured b (resp. c), a /≡ b, a /≡ c, b /≡ c and x /∈ {z0, z1, . . . , zp−1, w1, . . . , wq}.
Proof. It follows from Lemma 2.1 that there exists a directed cycle = (x = x0, x1, . . ., xn−1, x0), ⊆ Asym(C(D)),
V (D) = V (), A() − {(x, y1), (y1, x), . . . , (x, yr), (yr , x)} ⊆ A(D) and for every nonconsecutive vertices of ,
xi , xj we have (xi, xj ) ∈ Sym(C(D)).  is not monochromatic; when  is monochromatic, say coloured 1 we have
(x1, , xn−1)∪ T1 (where T1 is an xn−1x0 mdp coloured 1) contains a mdp and hence (x0, x1) ∈ Sym(C(D)), a
contradiction. Since  is not monochromatic, there exists a vertex xt , xt /≡ x such that (xt−1, xt ) and (xt , xt+1) have
different colours; let t0 be the ﬁrst natural number such that xt0 is such a vertex (notice that t0 <n − 1 as there is no
x0xn−1 − mdp).
• (xt0 , xt0+1) ∈ A(D) ∩ Asym(C(D)) and has colour say a.
It follows directly from xt0 /≡ x.
• There exists an xxt0 − mdp, T1 of colour (say) c contained in D.
It follows from the following facts: (x, , xt0) is monochromatic of colour (say) c, (x1, , xt0) ⊆ D (as D − {x} is a
tournament) and (x0, x1) ∈ A(C(D)) and is coloured c.
• There exists an xt0+1xt0−1 − mdp, T2 of colour (say) b such that x ∈ V (T2).
It follows from Lemma 2.1 that (xt0+1, xt0−1) ∈ Sym(C(D)), so there exists an xt0+1xt0−1 − mdp, T2 of colour
(say) b. Now we will prove x ∈ V (T2). When t0 = 1, we have x = xt0−1 and hence x ∈ V (T2). For t0 > 1 and k4,
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if x /∈V (T2), then D[V (T2) ∪ {xt0}] is an m-coloured tournament and it follows from Lemma 2.2 that there is no
xt0+1xt0−1 − mdp (recall that (xt0−1, xt0) has colour c, (xt0 , xt0+1) has colour a and a /≡ c by the deﬁnition of xt0 ),
a contradiction, hence x ∈ V (T2). For t0 > 1 and k = 3, let T2 = (xt0+1 = s0, s1, . . . , sm = xt0−1) and suppose by
contradiction x /∈V (T2), so xt0 is adjacent in D to each vertex in T2; since {(xt0−1, xt0), (xt0 , xt0+1)} ⊆ A(D) we can
take i0 the greatest natural number such that (xt0 , si0) ∈ A(D) thus (xt0 , si0 , si0+1, xt0) is a directed cycle of length 3
and then it is monochromatic, coloured b (as (si0 , si0+1) is coloured b); hence (xt0 , si0 , si0+1, . . . , sm = xt0−1) is an
xt0xt0−1-mdp in D contradicting that (xt0−1, xt0) ∈ Asym(C(D)); we conclude x ∈ V (T2).
Now taking the ﬁrst vertex in T2∩T1 we have that (xt0+1, T2, w)∪(w, T1, xt0)∪(xt0 , xt0+1) is a directed cyclewith the
required properties (notice that b 	= c because (xt0 , xt0+1) ∈ Asym(C(D)), a /≡ b because (xt0−1, xt0) ∈ Asym(C(D))
and a /≡ c by the deﬁnition of t0). 
Lemma 2.4. Let D be an m-coloured orientation of Gn,r where Gn,rKn − {[x, y1], . . . , [x, yr ]} such that: (i)
For some k, k3, each directed cycle of length k is monochromatic and no directed cycle of length less than k is
polychromatic (ii) There exists a directed cycle C = (z0, . . . , zp = w0, w1, . . . , wq, z0) contained in D such that
(wq, z0) is coloured a, (z0, . . . , zp) (resp. (w0, . . . , wq)) is a mdp coloured b (resp. c), a /≡ b, b /≡ c, c /≡ a and
x /∈ {z0, z1, . . . , zp−1, w1, . . . , wq}. Then there exists a z0wq -mdp in D.
Proof. The case (C)= 3 is not possible as there is no polychromatic directed cycle of length 3, and the case (C)= 4
is not possible. Clearly the hypothesis (i) implies (C)k + 1.
Case 1: q = 1, k4.
In this case C= (w1, z0, z1, . . . , zp = w0, w1).
• (w1, z(k−2)i ) ∈ A(D) for each i, i0 such that (k − 2)i <p:
Otherwise, take the ﬁrst natural number s such that (w1, z(k−2)s) /∈A(D); since w1 /≡ x we have (z(k−2)s , w1) ∈
A(D) (Notice that s 	= 0 as (w1, z0) ∈ A(D) so Ck = (z(k−2)s , w1, z(k−2)(s−1)) ∪ (z(k−2)(s−1),C, z(k−2)s) is a
directed cycle of length k and hence is monochromatic, thus (z(k−2)s , w1) is coloured b and (z0, z1, . . . , z(k−2)s , w1) is
a z0w1-mdp.
Since (zp,w1) ∈ A(D)we may assumep /≡ 0(mod k−2) and so,p ≡ e(mod k−2), 1ek−3, and (w1, zp−e) ∈
A(D).
• (zp−(k−2)i , w1) ∈ A(D) for each i, i0 such that (k − 2)i <p: The proof is completely analogous to those of
the previous assertion. In particular (ze, w1) ∈ A(D).
• (zp−1, zi) ∈ A(D) for each 0 ik − 4: Let i, 0 ik − 4, if (zp−1, zi) /∈A(D), we have (zi, zp−1) ∈ A(D)
(as zp−1 	= x) and hence (zi, zp−1) ∪ (zp−1,C, zi) is a polychromatic directed cycle of length at most k, a
contradiction.
• We may assume 2e= k − 3: When 2ek − 2 we obtain ek − 2− e and (ze−(k−2−e),C, ze)∪ (ze, w1, zp−e)∪
(zp−e,C, zp−1) ∪ (zp−1, ze−(k−2−e)) is a directed cycle of length k, thus it is monochromatic and (z0,C, ze)
∪(ze, w1) is a z0w1-mdp (notice e − (k − 2 − e)k − 4).
When 2ek−4 we have (z2e,C, ze+(k−2))∪ (ze+k−2, w1, zp−e)∪ (zp−e,C, zp−1)∪ (zp−1, z2e) is a directed cycle
of length k, so it is monochromatic and then (z0,C, ze+(k−2)) ∪(ze+(k−2), w1) is a z0w1-mdp.
• Since 2e = k − 3 we have (zk−3, zp−1) ∈ A(D); otherwise (zp−1, zk−3) ∈ A(D) (as zp−1 	= x), (zp−1, zk−3) ∪
(zk−3,C, ze+(k−2)) ∪ (ze+(k−2), w1, zp−e) ∪ (zp−e,C, zp−1) is a mdc of length k and thus (z0,C, ze+(k−2)) ∪
(ze+(k−2), w1) is a z0w1-mdp. Moreover (w1, zp−1) ∈ A(D), in other case (zk−3, zp−1, w1, z0) ∪ (z0,C, zk−3)
is monochromatic (as it has length k) and then (z0,C, zk−3) ∪ (zk−3, zp−1, w1) is a z0w1-mdp. We may assume
e = k − 4. When ek − 3 is not possible as 2e = k − 3 and e1; when ek − 5 (e + 1k − 4) we obtain
(ze+1,C, ze+(k−2)) ∪ (ze+(k−2), w1, zp−1, ze+1) is a directed cycle of length k, so it is monochromatic and then
(z0,C, ze+k−2) ∪ (ze+k−2, w1) is a z0w1-mdp.
We conclude from the previous assertions that k=5, e=1, {(z1, w1), (w1, zp−1), (zp−1, z0), (zp−1, z1), (z4, w1)} ⊆
A(D); we may assume (z2, zp−1) ∈ A(D), otherwise (zp−1, z2, z3, z4, w1, zp−1) is monochromatic and (z0,C, z4)∪
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(z4, w1) is a z0w1-mdp. Finally when (z2, w1) ∈ A(D) we have (z2, w1, zp−1, z0, z1, z2) is monochromatic (as it has
length k) and thus (z0, z1, z2, w1) is a z0w1-mdp; and when (w1, z2) ∈ A(D) we obtain (w1, z2, zp−1, z0, z1, w1) is
monochromatic and then (z0, z1, w1) is a z0w1-mdp.
Case 2: q = 1, k = 3.
In this casewe take theﬁrst natural number say f such that (zf , w1) ∈ A(D) (f 1and f exists as {(w1, z0), (zp,w1)} ⊆
A(D). So (zf , w1, zf−1, zf ) is a mdc and thus (z0,C, zf ) ∪ (zf , w1) is a z0w1-mdp.
Case 3: p = 1 (when k4 is completely analogous to Case 1 and when k = 3 is analogous to Case 2).
Case 4: p2, q2 and there is no {z1, . . . , zp−1}{w1, . . . , wq−1}-arc in D.
• (z1,C, wq−1)k − 2: In other case taking f ∈ (z1, . . . , zp−1) such that (f,C, wq−1) = k − 1, we obtain
(wq−1, f ) ∪ (f,C, wq−1) is a nonmonochromatic directed cycle of length k, a contradiction.
• (C) = k + 1: Since (z1,C, wq−1)k − 2 we have (C)k + 1 and (C)k + 1 as C is polychromatic.
• {(z1, wq), (z0, wq−1), (wq−1, z1)} ⊆ A(D): If (z1, wq) /∈A(D), then (wq, z1) ∈ A(D) (as x 	= wq ) and
(wq, z1)∪(z1,C, wq) is a non-mdcof length k, a contradiction.Analogously (z0, wq−1) ∈ A(D) and (wq−1, z1) ∈
A(D) because of the hypothesis.
• (z0, wq−1) and (z1, wq) are coloured a: Since (z0, z1, wq, z0) is a directed cycle of length 3with (wq, z0) coloured
a and (z0, z1) coloured b we have (z1, wq) is coloured a or is coloured b; when (z1, wq) is coloured b we obtain
(z0, z1, wq) a z0wq -mdp. So we may assume (z1, wq) is coloured a, analogously (z0, wq−1) is coloured c.
• (z0, w1) ∈ A(D): Otherwise (w1, z0, wq−1, z1) ∪ (z1,C, w1) is a polychromatic directed cycle of length k, a
contradiction. (Notice w1 /≡ wq−1 as {(w1, z0), (z0, wq−1)} ⊆ A(D)).
• (zp−1, wq) ∈ A(D): We may assume p − 1> 1 (as (z1, wq) ∈ A(D)); if (zp−1, wq) /∈A(D). As (C) = k +
1=p + q + 1 and p3, then q − 3. Thus (wq, zp−1)∪ (zp−1,C, wq−1)∪ (wq−1, z1, wq) is a polychromatic
directed cycle of length k, a contradiction. We conclude that Ck = (z0, w1) ∪ (w1,C, wq−1) ∪ (wq−1, z1) ∪
(z1,C, zp−1) ∪ (zp−1, wq, z0) is a polychromatic directed cycle of length k; a contradiction.
Case 5: We proceed by induction on (C). By the initial assertion in the proof Lemma 2.4 we may assume that (C)5.
The case (C) = 5 is very easy to prove. Suppose that Lemma 2.4 holds for any directed cycle C′ with (C′)< d and
consider a directed cycleC as in the hypothesis with (C)=d.p2, q2 and there is a {z1, . . . , zp−1}{w1, . . . , wq−1}-
arc in D. Let ziwj a {z1, . . . , zp−1}{w1, . . . , wq−1}-arc such that (z0,C, zi) + (wj ,C, wq) = min{(z0,C, zr ) +
(ws,C, wq) | r ∈ {1, . . . , p−1}, s ∈ {1, . . . , q−1}}. When i=1 we have (wj ,C, wq)k−2 (otherwise (zi, wj )∪
(wj ,C, zi) is a polychromatic directed cycle of length k, a contradiction), hence (z1, wj ) ∪ (wj ,C, wj+k−2) ∪
(wj+k−2, z1) is monochromatic, thus (z1, wj ) is coloured c and by applying the inductive hypothesis on (z1, wj ) ∪
(wj ,C, z1) we conclude that there exists a z0wq -mdp.
When j = 1 we have (w1,C, zi)k − 1 (otherwise (zi, w1) ∪ (w1,C, zi) is a polychromatic directed cycle of
length k, a contradiction), hence (zi, w1) ∪ (w1,C, f ) ∪ (f, zi) is monochromatic (where f is that vertex of C such
that (w1,C, f )= k−2) thus (zi, w1) is coloured c and by applying the inductive hypothesis on (zi, w1)∪ (w1,C, zi)
we conclude that there exists a z0wq -mdp.
When i2 and j2, for k4 consider the directed cycle (zi, wj ,wj+1, zi−1, zi), we have that (zi, wj ) has colour
b or c and applying the inductive hypothesis on (zi, wj ) ∪ (wj ,C, zi) we get a z0wq -mdp; for k = 3 consider the
arc between zi−1 and wj ; when (zi−1, wj ) ∈ A(D) (resp. (wj , zi−1) ∈ A(D)) we have (zi−1, wj ,wk+1, zi−1) (resp.
(wj , zi−1, zi, wj )) is monochromatic, thus (zi−1, wj ) is coloured c (resp. (zi, wj ) is coloured b) and applying the
inductive hypothesis on (zi−1, wj ) ∪ (wj ,C, zi−1) (resp. (zi, wj ) ∪ (wj ,C, zi)) we get a z0wq -mdp. 
Theorem 2.1. Let D be an m-coloured orientation of Gn,r such that: for some k, 3kn, each directed cycle of
length k is monochromatic and no directed cycle of length less than k is polychromatic. Then D has a kmp.
Proof. We proceed by induction on |V (D)|. The result is obvious for digraphs with |V (D)| ∈ {1, 2, 3}. Suppose that
Theorem 2.1 holds for digraphs D′ with |V (D′)|<n, and let D be a digraph as in the hypothesis with |V (D′)| = n. It
follows from the inductive hypothesis that every proper induced subdigraph has a kmp. Then D has a kmp; otherwise
we get a contradiction from Lemmas 2.3 and 2.4. 
Theorem 2.2. Let D be an m-coloured orientation of Gn,1Kn−[x, y], such that: for some k, 5kn, each directed
cycle of length k is quasi-monochromatic and no directed cycle of length less than k is polychromatic.Then D has a kmp.
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Proof. We proceed by induction on |V (D)| = n. For n = 1 or 2 Theorem 2.2 is obvious. Suppose that Theorem 2.2
holds for digraphs D′ with |V (D′)|<n, and let D be a digraph as in the hypothesis with |V (D)| = n, we proceed by
contradiction to prove that D has a kmp.
Suppose by contradiction that D has no kmp; it follows from Lemma 2.1 that there exists a directed cycle  ⊆
Asym(C(D)) such that V (D)=V () and for every pair of nonconsecutive vertices of  say u, v; (u, v) ∈ Sym(C(D)).
For z ∈ V (D)−{x, y}, denote by z− (resp. z+) its predecessor (resp. successor) in , since (z+, z−) ∈ A(C(D)) we
can take P(z) = (z+ = 0, 1, . . . , g = z−) a z+z−-mdp; suppose (z−, z) is coloured a, (z, z+) is coloured b and P(z)
is coloured c.
(1) c /≡ a and c /≡ b.
When c = a (resp. c = b) we have P(z) ∪ (z−, z) (resp. (z, z+) ∪ P(z)) is a z+z (resp. zz−)-mdp, a contradiction
(recall  ⊆ Asym(C(D))).
(2) Let p ∈ V (P (z)), mp and rp such that g=p+mp(k−2)+ rp, 0rp < k−2. If (z, p) ∈ A(D) and z is adjacent
to each vertex in {p + i(k − 2)|0 imp}, then for 0<mp (z, p + i(k − 2)) ∈ A(D), 0 i, 1rpk − 3 and
(z, g − rp) is coloured a.
First, (z, p+ i(k−2)) ∈ A(D) for each i, 0 imp; otherwise take i0 the ﬁrst natural number such that (p+ i0(k−
2), z) ∈ A(D) (notice that i0 > 0 as (z, p) ∈ A(D)) and then (z, p + (i0 − 1)(k − 2)) ∪ (p + (i0 − 1)(k − 2), , p +
i0(k−2))∪ (p+ i0(k−2), z)) is a directed cycle of length k and hence it must be quasi-monochromatic which implies:
(z, p+ (i0 −1)(k−2)) is coloured c (and then (z, p+ (i0 −1)(k−2))∪ (p+ (i0 −1)(k−2), P (z), z−) is a zz−-mdp, a
contradiction) or (p+ i0(k−2), z) is coloured c (and then (z+, P (z), p+ i0(k−2))∪ (p+ i0(k−2), z) is a z+z-mdp,
a contradiction). Notice that n /≡ 0(mod k − 2) as (g, z) ∈ A(D) and hence 1rpk − 3. Since 1rpk − 3,
we have that (z, g − rp) ∪ (g − rp, P (z), g) ∪ (g, z) is a directed cycle of length , 3< k, hence it uses at most
two colours, thus (z, g − rp) is coloured a or (z, g − rp) is coloured c, and when (z, g − rp) is coloured c we obtain
(z, g − rp) ∪ (g − rp, P (z), z−) a zz−-mdp, a contradiction, so (z, g − rp) is coloured a.
(3) Let q ∈ V (P (z)), mq and rq such that q = mq(k − 2) + rq , 0rq < k − 2. If (q, z) ∈ A(D) and z is adjacent to
each vertex in {q − i(k − 2)|0 imq} then (q − i(k − 2), z) ∈ A(D) for each 0 imq , 1rqk − 3 and (rq, z)
is coloured b.
The proof is completely analogous to those of (2).
(4) If there exists p ∈ V (P (z)) such that (z, p) ∈ A(D), g − (k − 3)pg − 1. Then (z, p) is coloured a.
• If there exists q ∈ V (P (z)) such that (q, z) ∈ A(D), 1qk − 3. Then (q, z) is coloured b.
• If there exists p, q ∈ V (P (z)) such that {(z, p), (q, z)} ⊆ A(D), g − (k − 3)pg − 1, 1qk − 3. Then
there exists a directed cycle of length at most k which uses colours a, b and c in its arcs.
The fact (z, p) is coloured a can be proved in the same way as it was proved that (z, g − rp) is coloured a in (2) and
analogously (q, z) is coloured b. Now when {z−, q} 	= {x, y} we consider the arc between z− and q. If (q, z−) ∈ A(D)
(resp. (z−, q) ∈ A(D)) then (q, z−, z, z+) ∪ (z+, P (z), q) (resp. (z−, q, z, p) ∪ (p, P (z), z−)) is the directed cycle
with the required properties. When {z−, q} = {x, y} we consider the arc between z+ and p and we have: if (z+, p)
(resp. (p, z+) ∈ A(D)) then (z−, z, z+, p)∪ (p, P (z), z−) (resp. (q, z, p, z+)∪ (z+, P (z), q)) is a directed cycle with
the properties.
Denote by h and r the numbers such that g = h(k − 2) + r , 0r < k − 2.
(5) Let z ∈ V (D), if z is adjacent to each vertex in {i(k − 2)|0 ih} ∪ {g − i(k − 2)|0 ih}, then (z−, z) and
(z, z+) are of the same colour.
Since (z, z+) ∈ A(D) (resp. (z−, z) ∈ A(D)) it follows from (2) (resp.(3)) that (z, g − r) ∈ A(D) and is coloured
a (resp. (r, z) ∈ A(D) and is coloured b) and it follows from (4) that there exists a directed cycle of length k which
uses colours a, b and c in its arcs, form (1) we have c 	= a and c 	= b, so it follows from the hypothesis that a = b
(recall that (z−, z) is coloured a and (z, z+) is coloured b).
(6) (x, , y)2, (y, , x)2, (x, , y) (resp. (y, , x)) is monochromatic of colour b (resp. a) and a 	= b.
It follows from (5) that the only changes of colour (in ) occur in x and in y. Now, x and y are not consecutive in
, otherwise (y, , x) (when y = x+) or (x, , y) (when y = x−) is a mdp, a contradiction.  is not monochromatic;
otherwise (x+, , x) is a mdp, contradicting that (x, x+) ∈ Asym(C(D)). We will assume (x−, x) is coloured a and
(x, x+) is coloured b.
(7) P(x) = (0, 1, . . . , g) is coloured (say) c, c /≡ a, c /≡ b and y ∈ P(x).
The ﬁrst part follows directly from (1). If y /∈P(x) then it follows from (5) that a = b, contradicting (6).
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(8) One and only one the two following properties holds:
(i) For each z ∈ (0, P (x), y) − {x+, y}, (x, z) ∈ A(D).
(ii) For each z ∈ (0, P (x), y) − {x+, y}, (z, x) ∈ A(D) and ((0, P (x), y)) = k − 2.
y = i(k − 2) or y = g − i(k − 2) for some 0 ih (g = h(k − 2) + r , 0r < k − 2); otherwise it follows from (5)
that a = b, contradicting (6). In order to prove (8) we consider three possible cases:
Case 8.a: y = s(k − 2) for some s, 1sh and y 	= g − i(k − 2) for each i, 0 ih.
(8.1) (r, x) ∈ A(D) and is coloured b: Since (x−, x) ∈ A(D) and y 	= g − i(k − 2) for each 0 ih, the assertion
follows directly from (3).
(8.2) For each t ∈ (V (P (x)) − {i(k − 2)|0 is}), (t, x) ∈ A(D): Suppose by contradiction that there exists t ∈
(V (P (x)) − {i(k − 2)|0 is}) such that (t, x) /∈A(D), then (x, t) ∈ A(D) and it follows from (2) that (x, g − rt ) ∈
A(D) and is coloured a (recall g = t + mt(k − 2) + rt , 0rt < k − 2); since (r, x) is coloured b, it follows from (4)
that there exists a polychromatic directed cycle of length at most k, a contradiction.
(8.3) s = 1: Assume by contradiction that s2 (s 	= 0 as y 	= x+). First observe that since (x, x+) ∈ A(D) it
follows that (x, i(k − 2)) ∈ A(D) for each 0 i < s (the proof is completely analogous to those of (2)), in particular
(x, (s − 1)(k − 2)) ∈ A(D). Now we consider the arc between 0 and (s − 1)(k − 2). If (0, (s − 1)(k − 2)) ∈ A(D)
then Ck = (x, 0, (s − 1)(k − 2)) ∪ ((s − 1)(k − 2), P (x), s(k − 2) − 1) ∪ (s(k − 2) − 1, x) is a directed cycle of
length k and thus it is quasi-monochromatic, with (x, 0) coloured b and the rest of the arcs coloured c (since k − 32
it has at least two arcs coloured c); so (0,Ck, x) is a mdp; which implies (x, x+) ∈ Sym(C(D)), a contradiction. If
((s −1)(k−2), 0) ∈ A(D) thenCk = (k−3, x, (s −1)(k−2), 0)∪ (0, P (x), k−3) is a qmdc (as it has length k), with
(k − 3, x) coloured b (see (4)) and the other arcs coloured c (notice that there are at least two arcs in (0, P (x), k − 3)
which is coloured c), in particular (x, (s−1)(k−2)) is coloured c and then (x, (s−1)(k−2))∪((s−1)(k−2), P (x), x−)
is a xx− mdp, a contradiction.
We conclude from the previous assertions that (ii) holds.
Case 8.b: y = g − s(k − 2) for some s, 1sh and y 	= i(k − 2) for each i, 0 ih.
(8.4) (x, g − r) ∈ A(D) and is coloured a: It follows from (2) taking p = 0.
(8.5) (i) holds: Otherwise there exists t ∈ ((0, P (x), y) − {x+, y}) such that (t, x) ∈ A(D) by applying (3) with
q = t and z = x we obtain that (rt , x) ∈ A(D) and is coloured b, and then it follows from (4) with z = x, p = g − r
and q = rt that there exists a polychromatic directed cycle of length at most k, a contradiction.
Case 8.c: There exists s and s′, {s, s′} ⊆ {1, . . . , h} such that y = s(k − 2) = g − s′(k − 2).
(8.6) One and only one of the two following assertions holds: (6.c.1) For each t ∈ (V (0, P (x), y) − {i(k −
2)|0 is}), (t, x) ∈ A(D). (8.c.2) For each t ∈ (V (0, P (x), y) − {i(k − 2)|0 is}), (x, t) ∈ A(D): Otherwise
there exist p, q ∈ (V (0, P (x), y) − {i(k − 2)|0 is}) such that {(x, p), (q, x)} ⊆ A(D), and applying (2) and (3)
we obtain (x, g − rp) ∈ A(D) is coloured a, (rq, x) ∈ A(D) is coloured b and from (4) we obtain a polychromatic
directed cycle of length at most k, a contradiction.
(8.7) (x, i(k − 2)) ∈ A(D) for each i, 0 i < s: observe that (x, x+) ∈ A(D) and proceed as in the proof of (2).
When (8.c.2) holds it follows from (6.7) that (i) holds. When (6.c.1) holds it can be proved (exactly as in the proof
of (8.3)) that s = 1, and (ii) holds.
(9) (y−, y) is coloured b, (y, y+) is coloured a, P(y) is coloured (say) d, d /≡ a, d /≡ b, a /≡ b and x ∈ P(y).
The ﬁrst part follows from (6) and the proof of the second part is equal to those of (7) by interchanging x and y.
(10) One and only one of the two following properties holds:
(i) For each z ∈ (V (y+, P (y), x) − {y+, x}), (y, z) ∈ A(D).
(ii) For each z ∈ (V (y+, P (y), x) − {y+, x}), (z, y) ∈ A(D) and (y+, P (y), x) = k − 2.
The proof is the same as that of (8) by interchanging x and y.
Denote by = (x+, P (x), y) = (u0, u1, . . . , us) and = (y+, P (y), x) = (v0, v1, . . . , vt )  is coloured (say) c and
 is coloured (say) d. Notice that when c = d , V () ∩ V () = ∅, otherwise we obtain an y+y-mdp, a contradiction.
We proceed to conclude the proof of Theorem 2.2 by considering several possible cases:
Case a: 8(ii) and 10(ii) hold.
In this case we have () = () = k − 2. If (x+, y+) ∈ A(D) then  ∪ (x, x+, y+) must be quasi-monochromatic
(as it has length k), with (x, x+) coloured b and  coloured d (()3) so (x+, y+) is coloured d and (x+, y+) ∪  is
an x+x-mdp, a contradiction. Analogously we get a contradiction when (y+, x+) ∈ A(D).
Case b: 8(i) and 10(i) hold.
Case b.1: When tk − 3: We have C =  ∪ (x, us−(k−2−t)) ∪ (us−(k−2−t), , y) ∪ (y, y+) is a directed cycle of
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length k (notice that () + ()k − 1, otherwise we obtain: a polychromatic directed cycle of length at most k; or
an y+y-mdp, a contradiction, also notice that V () ∩ (us−(k−2−t), , y) = ∅, in other case we get: a polychromatic
directed cycle of length at most k (in case c 	= d) or an y+y-mdp (when c = d), a contradiction, which must be
quasi-monochromatic, thus c = d and (y+,C, y) is a mdp, a contradiction.
Case b.2: t > k − 3 and c = d: We have Ck = (vt−(k−3), , x)∪ (x, us−1, us, vt−(k−3)) is a qmdc (notice (Ck)= k,
us−1 /∈  as (us−1, y) ∈ A(D) and (10.i) holds). Thus (x, us−1) is coloured c and then ∪ (x, us−1, us) is a y+y mdp, a
contradiction; or (y, vt−(k−3)) is coloured c and then ∪ (y, vt−(k−3))∪ (vt−(k−3), , x) is an x+x-mdp, a contradiction
again.
Case b.3: tk − 2, c 	= d , and (symmetrically), sk − 2.
Case b.3.1: k6: in this case we have Ck = (x, us−(k−4), , y) ∪ (y, vt−2, vt−1, x) is a non-qmdc with (Ck) = k,
a contradiction.
Case b.3.2: k = 5: (x, us−2) is coloured c: Consider the qmdc C5 = (x, us−2, us−1, us, vt−1, vt = x).
• (vt−2, us−1) ∈ A(D): Otherwise C5 = (x, us−2, us−1, vt−2, vt−1, vt ) is a non-qmdc of length 5, a contradiction.
• (vt−2, us−1) is coloured d: Consider the qmdcC5=(vt−2, us−1, us, vt−4, vt−3, vt−2). (Notice that we can assume
t4, otherwise t = 3 and C4 = (y+, v1 = vt−2, us−1, y, y+) is polychromatic with (C4) = 4, a contradiction.)
• (us, vt−1) is coloured c: Consider the qmdc (us, vt−1, vt , us−2, us−1, us).
• (vt−2, vt ) ∈ A(D) and (us−2, us) ∈ A(D): Otherwise (vt , vt−2, us−1, us, vt−1, vt ) is a non qmdc of length 5, a
contradiction, and analogously (vs−2, vs) ∈ A(D).
• (y, vt−2) is coloured d: Because (y, vt−2, vt−1, vt , us−1, us) is a qmdc.
• (vt−2, vt ) is coloured c: as (vt−2, vt , us−2, us−1, us, vt−2) is a qmdc.
• (us−2, us) is coloured d: notice (us−2, us, vt−2, vt−1, vt , us−2) is a qmdc.
We conclude that (y, vt−3, vt−2, vt , us−2, us) is a non-qmdc of length 5, a contradiction.
Case c: (us−1, vt−1) ∈ A(D).
• (y+, x+) ∈ A(D): Otherwise (x+, y+) ∈ A(D) and Ck = (x, x+, y+)∪ is a qmdc (as (Ck)= k) with (x, x+)
coloured b and at least two arcs coloured c so (x+,Ck, x) is a x+x-mdp, a contradiction.
• (us−1, vt−1) ∈ A(D): Otherwise Ck = (y+, , vt−1) ∪ (vt−1, us−1, us, y+) is a qmdc ((Ck) = k) with (y, y+)
coloured a and at least two arcs coloured d so (y+,Ck, y) is a y+y-mdp, a contradiction.
Now we consider several possible cases:
Case c.1: (us−(k−3), v1) ∈ A(D).
• (x, us−(k−2)) is coloured c: Consider the directed cycle of length k, Ck = (x, us−(k−2)) ∪(us−(k−2), , us−1) ∪
(us−1, vt−1, vt = x) it is a qmdc with (vt−1, vt ) coloured d and at least two arcs coloured c. When c 	= d
(x,Ck, vt−1) is coloured c, in particular (x, us−(k−2)) is coloured c. When c = d, we have that at least one
(x, us−(k−2)) is coloured c (andweare done), or (us−1, vt−1) is coloured c and then (x+, , us−1)∪(us−1, vt−1, vt )
contains an x+x-mdp, a contradiction.
• (us−(k−3), v1) ∈ A(D): OtherwiseCk = (y, y+, v1, us−(k−3))∪ (us−(k−3), , y) is a qmdc with (y, y+) coloured
a and at least two arcs coloured c, so (y+,Ck, y) is a mdp, a contradiction.
• c = d: Notice that Ck = (x, us−(k−2), us−(k−3), v1) ∪ (v1, , x) is a qmdc with two arcs coloured c and at least
two arcs coloured d, so c = d . We conclude that  ∪ (x, us−(k−2)) ∪ (us−(k−2), , y) contains an y+y-mdp, a
contradiction.
Case c.2: 2()k − 3.
• (us−1, vt−1) is coloured b: Considering the directed cycle C = (us−1, vt−1, vt , x+) ∪ (x+, , us−1) we have
c = d (otherwise Ck is polychromatic and (C)k, a contradiction) and (us−1, vt−1) is coloured b or c. If
(us−1, vt−1) is coloured c, then (x+, , us−1)∪ (us−1, vt−1, vt ) is an x+x-mdp, a contradiction. So (us−1, vt−1)
is coloured b.
We conclude that C′ = (us−1, vt−1, y, y+, x+) ∪ (x+, , us−1) is a polychromatic directed cycle with (C′)k,a
contradiction.
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Case c.3: () = 1.
• (x+, vt−1) ∈ A(D) and is coloured b: If (x+, vt−1) /∈A(D), then (vt−1, x+) ∈ A(D), Ck = (y+, , vt−1) ∪
(vt−1, x+, y, y+) is a qmdc (as (Ck) = k); hence c = d (otherwise Ck is polychromatic, a contradiction) and
(y+,Ck, y) is a y+y-mdp (notice that (y, y+) is coloured a), a contradiction. Now, since (x, x+, vt−1, x) is a
directed cycle of length 3 with (x, x+) coloured b and (vt−1, x) coloured d, we have (x+, vt−1) is coloured d or
b, when (x+, vt−1) is coloured d we obtain (x+, vt−1, vt ) a x+x-mdp, a contradiction.
• (x+, v1) ∈ A(D) and is coloured b: When (v1, x+) ∈ A(D) we obtain (v1, x+, vt−1, y, y+, v1) a polychromatic
directed cycle of length 5, a contradiction; now Ck−1 = (x, x+, v1) ∪ (v1, , x) we have (Ck−1) = k − 1, thus
(x+, v1) is coloured d or b; if (x+, v1) is coloured d then (x+, v1) ∪ (v1, , x) is an x+x-mdp, a contradiction.
We conclude that Ck = (vt−1, y, y+, x+, v1) ∪ (v1, , vt−1) is polychromatic with (Ck) = k, a contradiction.
Case d: 8(ii) and 10(i) hold.
It is completely similar to Case c, just interchange x with y. 
Remark 2.1. In [7] was proved that if D is an m-coloured orientation of Gn,0Kn such that every directed cycle of
length k, 5kn, is a qmdc and no directed cycle of length less than k is polychromatic then D has a kmp.
The respective proposition for Gn,r with 2rn − 2 is an open question.
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